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A proper edge t-coloring of a graph G is a coloring of edges of G with colors 1, 2, t 
such that each of t colors is used, and adjacent edges are colored differently. The set of 
colors of edges incident with a vertex x of G is called a spectrum of x. A proper edge 
O I t-coloring of a graph G is interval for its vertex x if the spectrum of x is an interval of 
integers. A proper edge t-coloring of a graph G is persistent-interval for its vertex x if the 
spectrum of x is an interval of integers beginning from the color 1. 

For graphs G from some classes of graphs, we obtain estimates for the possible number 
^ ! of vertices for which a proper edge t-coloring of G can be interval or persistent-interval. 
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O ■ 1. Introduction 
(N . 

We consider undirected, simple, finite, connected graphs. For a graph G, we denote 
by V{G) and E{G) the sets of its vertices and edges, respectively. For any x G V{G), 
^ ! dcix) denotes the degree of the vertex x in G. For a graph G, we denote by A(G) the 
maximum degree of a vertex of G. A function ip : E{G) — )• {1, 2, . . . , t} is called a proper 
edge t-coloring of a graph G if each of t colors is used, and adjacent edges are colored 
differently. The set of all proper edge t-colorings of G is denoted by q;(G, t). The minimum 
value of t for which there exists a proper edge t-coloring of a graph G is called a chromatic 
index ['22] of G and is denoted by 'x'{G). Let us also define the set a{G) of all proper 
edge colorings of the graph G 

\E{G)\ 

a{G)= U a(G,t). 

t=x'{G) 

If G is a graph, ip G a;(G), x G V{G)^ then the set of colors of edges of G incident with 
X is called a spectrum of the vertex x in the coloring ip of the graph G and is denoted by 

An arbitrary nonempty subset of consecutive integers is called an interval. An interval 
with the minimum element p and the maximum element q is denoted by [p, q] . An interval 
D is called a /i-interval ii \D\ = h. 
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For any real number ^, we denote by [^J ([^]) the maximum (minimum) integer which 
is less (greater) than or equal to ^. 

If G is a graph, ip G a{G), and x G V{G), then we say that ip is interval (persistent- 
interval) for X if Sg{x,(p) is a dG'(a;)-interval (a (iG'(a;)-interval with 1 as its minimum 
element). For an arbitrary graph G and any ip G a{G), we denote by fG,i{v){fG,pi{v)) the 
number of vertices of the graph G for which ip is interval (persistent-interval). For any 
graph G, let us [[T7] set 

ViiG)= max fcM, VpiiG) = max fcpiiif). 

(pea(G) ipea(G) 

A bipartite graph G with bipartition {X, Y) is called (a, 6)-biregular, if dcix) = a for 
any vertex x E X, and ddy) = b for any vertex y eY. 

The terms and concepts that we do not define can be found in [[23]. 

It is clear that if for any graph G r]pi{G) = \V{G)\, then x'{G) = A{G). For a regular 
graph G, these two conditions are equivalent: rjpi{G) = |V"(G)| iff x'(G') = A(G). It is 
known [[ISlIin] that for a regular graph G, the problem of deciding whether x'{G) = A(G) 
or not is A^P-complete. It means that for a regular graph G, the problem of deciding 
whether ripi{G) = \V{G)\ or not is also A^P-complete. For any tree G, some necessary 
and sufficient condition for rjpiiG) = \V{G)\ was obtained in [[8]. In this paper, for an 
arbitrary regular graph G, we obtain a lower bound for the parameter rjpiiG). 

If G is a graph, _Ro ^ ^(G*), and the coloring ip G a{G) is interval (persistent-interval) 
for any x E Rq, then we say that ip is interval (persistent-interval) on Rq. 

ip G a{G) is called an interval coloring of a graph G if is interval on V{G). 

We define the set as the set of all graphs for which there is an interval coloring. 
Clearly, for any graph G, G G if and only if ?7i(G) = |V(G)|. 

The notion of an interval coloring was introduced in [ 6j. In [[6l [161 E] it is shown that if 
G G 9T, then x'{G) = A(G). For a regular graph G, these two conditions are equivalent: 
G G iff x'iG) = A(G) [[51 [TBI E]- Consequently, for a regular graph G, four conditions 
are equivalent: G G 9T, x'{G) = A{G), ViiG) = \V{G)\, r]pi{G) = \V{G)\. It means that 
for any regular graph G, 

1. the problem of deciding whether or not G has an interval coloring is A^P-complete, 

2. the problem of deciding whether r]i{G) = \V{G)\ or not is A^P-complete. 

In this paper, for an arbitrary regular graph G, we obtain a lower bound for the pa- 
rameter rjiiG). 

We also obtain some results for bipartite graphs. The complexity of the problem of 
existence of an interval coloring for bipartite graphs is investigated in [ [31 [11 [21] ■ In [ 
[T6] it is shown that for a bipartite graph G with bipartition {X,Y) and A(G) = 3 the 
problem of existence of a proper edge 3-coloring which is persistent-interval on X U y (or 
even only on F [[6l [16]) is A^P-complete. 

Suppose that G is an arbitrary bipartite graph with bipartition (X, y). Then rii{G) > 
max{|X|, \Y\}. 

Suppose that G is a bipartite graph with bipartition [X, Y) for which there exists a 
coloring if G a{G) persistent-interval on Y. Then rjpi{G) > 1 + 
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Some attention is devoted to (a, 6)-biregular bipartite graphs [HI [HI [131 HH] in the case 
b = a + l. 

We show that if G is a (A; — 1, A;)-biregular bipartite graph, k > 4, then 



miG)>^^-\v{G)\ + 



k 



[|1 • (2A: - i; 



■\V{G)\ 



We show that if G is a (A; — 1, A;)-biregular bipartite graph, k > 3, then 



k 



\ViG)\. 



2k -1 

2. Results 

Theorem 1 [J_7J If G is a regular graph with x'{G) = 1 + A(G), then 

Proof. Suppose that /3 e a{G, 1 + A(G)). For any j G [1, 1 + A(G)], define 

VG,p,, = {xeV{G)/j ^SG{x,f3)}- 
For arbitrary integers where 1 < j' < j" < 1 + A(G'), we have 

VG,p,f n VG,p,f' = 

and 

1+A(G) 

U Vg,,, = V{G). 
Hence, there exists jo & [1,1 + A(G)] for which 



\ViG)\ 
1 + A(G) 



Set i?n = V( 



= VG,/3jo- 



Case 1 ijo = 1 + A(G). 

Clearly, /3 zs persistent-interval on Rq. 

Case 2 2joe [1, A(G)]. 
Define a function ip : E{G) — )► [1,1 + A(G)]. For any e G E{G), set: 

/3(e), z//3(e)^{jo,l + A(G)} 

y,(e)^ <( Jo, z//3(e) = l + A(G) 

1 + A(G), z/ /3(e) = Jo. 



is noi difficult to see that ip G a{G, 1 + A(G)) and ip is persistent-interval on Rq. 
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Corollary 1 /[7^ If G is a cubic graph, then there exists a coloring from a{G,x'{G)) 



\ViG)\ 



vertices of G. 



which is persistent-interval for at least 

Theorem 2 /|77|/ If G is a regular graph with x'iG) = 1 + then 

Proof. Suppose that /3 G 1 + A(G)). For any j G [1, 1 + A(G)], define 

VG,p,j = {xeV{G)/3^SG{x,l3)}. 
For arbitrary integers j',j", where I < j' < j" < 1 + A(G'), we have 

Vg,^,j' n VG,^,r' = 

and 

1+A(G) 

U Vg,,, = V{G). 

For any i G [1, l'^-'-^^]]? let us define the subset V{G,j3,i) of the set V{G) as follows: 



V{G,/3,i) 



VG,/3,2i-i U VG,/3,2j, if A(G) is odd and i G [1, 



l+A(G)i 



or A{G) is even and z G [1, 2 J' 



A(G) i 

2 J 
A(G) 



Vg,/3,i+a(g), if A(G) is even and i = 1+ ^ 

For arbitrary integers i', i", where 1 < i' < i" < ^ -^^g have 



and 



Hence, there exists io G [l, [" ^ ^ ] ] for which 



v{G,p,i')nv{G,p,i") = 
U ViG,(3,t) = V{G). 

i=l 
1+A(G)- 



im/3,2o)|> 



1^(^)1 



Set i?o = V(G,/3,zo)- 
Case 3 i = [^^1 • 

Case ^ i.a A(G) zs even. 
Clearly, (3 is interval on Rq. 
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Case 5 l.b A(G) is odd. 
Define a function ip : E{G) — > [1, 1 + A{G)]. For any e G E{G), set: 



(/3(e) + l)(mod(l + A(G))), z//3(e) ^ A{G), 
A(G), z//3(e) = A(G). 



.(e) . { f 

It is not difficult to see that (f G a{G, 1 + A(G')) and (f is interval on Rq. 

Case 6 21<io< \^^^] . 
Define a function ip : E{G) — )■ [1, 1 + A{G)]. For any e G E{G), set: 

.^ / (/3(e) + 2 + A(G)-2zo)(mod(l + A(G))), /3(e) ^ 2^0 - 1, 
1 + A(G), z//3(e) = 2^0-1. 

It is not difficult to see that (f G a{G, 1 + A(G)) and (f is interval on Rq. 
Corollary 2 /|77|/ If G is a cubic graph, then there exists a coloring from a{G,x'{G)) 



which is interval for at least ^-^^^ vertices of G. 



Theorem 3/0, UR 0/ Let G be a bipartite graph with bipartition {X,Y). Then there 
exists a coloring (p G a{G, \ E{G)\) which is interval on X. 

Corollary 3 LetG be a bipartite graph with bipartition {X, Y). Then rii{G) > max{|X|, \ Y\}. 

Theorem 4 [[Jl 0/ Let G be a bipartite graph with bipartition {X,Y) where ddx) < 
dciy) for each edge {x,y) G E{G) with x G X and y & Y. Then there exists a coloring 
ipo G a{G,A{G)) which is persistent-interval on Y. 

Theorem 5 Suppose G is a bipartite graph with bipartition {X,Y), and there exists a 
coloring (fQ G a{G, A{G)) which is persistent-interval on Y . Then, for an arbitrary vertex 
Xq G X , there exists ip ^ a{G, A{G)) which is persistent-interval on {xq} U Y . 

Proof. Case 7 1 S'g(xo,V5o) = [^^dcixo)]. In this case ip is v?o- 

Case 8 2 S'g(xo,V5o) ^ [1,c?g(xo)]. 

Clearly, [l,dG{xo)\\SG{xQ,ipQ) ^ 0, S'g(xo, V5o)\[l, c?G(a;o)] 7^ 0- Since |S'G(a;o, V^o)! = 
|[1, (iG(a;o)]| = dci^XQ), there exists uq G [1, dcixo)] satisfying the condition dG{xo)]\SG{xo, ipo) 
\SGixo,^o)\[^,dG{xo)]\ = Uq. 

Now let us construct the sequence 6o, Oi, . . . , Quo of proper edge A{G)- colorings of the 
graph G, where for any i G [0, 6^ is persistent-interval on Y . 

Set Oq = v^o- 

Suppose that for some k G [0, uq — 1], the subsequence Qq, 9i, . . . ,Qk is already con- 
structed. 
Let 

tk = max(S'G(xo, Bfc)\[l, dG{xo)]), 
Sk = min([l, dG{xo)]\SG{xo, 6^)). 

Clearly, tk > Sk. Consider the path P{k) in the graph G of maximum length with the 
initial vertex xq whose edges are alternatively colored by the colors tk and Sk. Let Qk+i is 
obtained from Qk by interchanging the two colors tk and Sk along P{k). 

It is not difficult to see that Q^o is persistent-interval on {xq} U Y . Set tp = Q^o- 
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Corollary 4 Let G be a bipartite graph with bipartition (X, Y) where dcix) < dciy) for 
each edge {x,y) G E{G) with x G X and y & Y . Let xq be an arbitrary vertex of X . Then 
there exists a coloring ipo G a{G, A{G)) which is persistent-interval on {xq} U Y . 

Corollary 5 [ [TT^ Let G be a bipartite graph with bipartition {X, Y) where ddx) < dciy) 
for each edge {x,y) G E{G) with x G X and y & Y . Then T]pi{G) >1 + \Y\. 

Remark 1 Notice that the complete bipartite graph Kn+i,n for an arbitrary positive in- 
teger n satisfies the conditions of Corollary\^ Is is not difficult to see that f]pi{Kn-^i^n) = 
1 + n. It means that the bound obtained in Corollary\^ is sharp since in this case \Y\ = n. 

Remark 2 Let G be a bipartite {k — l,k)-biregular graph with bipartition (X, y), where 
k > 3. Then the numbers j^, and are integer. It follows from the equalities 

gcd{k -l,k) = l and \E{G)\ = \X\ ■ {k - 1) = \Y\ ■ k. 

Theorem 6 /[7^ Let G be a bipartite {k — 1, k)-biregular graph, where k > 4. Then 

k 



m{G)>^j^-\V{G)\ 



■\ViG)\ 



Proof. Suppose that (X, F) is a bipartition of G. Clearly, = A(G) = k. Suppose 

that /3 G a{G, k). For any j G [1, fc], define: 

V^GA, = {xGX/j^5g(x,/3)}. 

For arbitrary integers where 1 < j' < j" < k, we have 

and 

k 

U = X. 

For any i G [1, [|]], let us define the subset V{G,(3,i) of the set X as follows: 

VG,f},2i-i U VG,/3,2j, if k is odd and i G [1, ^] 



V{G, j3,i) = < or k is even and i G [1 



l+k 



5 2J' 



Vcp^ki if k is odd and i — ^ 

For arbitrary integers i', i", where 1 < i' < i" < ["1] , we have 

V{G,l3,i')nV{G,l3,i") = ^ 

and 

\JV(G,ft,i)=X. 

1=1 
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Hence, there exists iq G [l, [I]] for which 



\V{G,P,i^)\ > 



\X\ 

TIT 



Set Ro = YUV{G,P,io). 

It is not difficult to verify that 

h - 1 

|i?nl > 



2k 



\V{G)\ 



m ■ (2^ - 1) 



\V{G)\ 



Case 9 i = [f] ■ 

Case 10 l.a k is odd. 

Clearly, (3 is interval on Rq. 

Case 11 l.h k is even. 
Define a function ip : E{G) [1, k]. For any e G E{G), set: 



(/3(e) + l)(modA;), ifl3{e)^k-l, 
k, if pie) = k -I. 



It is not difficult to see that ip G a{G, k) and (f is interval on Rq. 

Case 12 2 Iq G [l, [|] - l]. 
Define a function (p : E{G) — t- [1, A;]. For any e G E{G), set: 

(.^! {(3{e) + l + k-2io){modk), if P{e) ^ 2iq - I, 
I k, if(3{c)=2io-l. 

It is not difficult to see that (f G a{G, k) and ip is interval on Rq. 



Corollary 6 /[77|/ Let G he a bipartite {k — 1, k)-biregular graph, where k is even and 
k > A. Then 

V^{G)>^^-\ViG)\. 

Corollary 7 [T7J Let G be a bipartite {3,4)-biregular graph. Then there exists a coloring 
from a{G,4:) which is interval for at least ^\V{G)\ vertices ofG. 

Remark 3 For an arbitrary bipartite graph G with A(G) < 3, there exists an interval 
coloring of G [ ITR [IR [77]/ . Consequently, if G is a bipartite {2,3)-biregular graph, then 
V.iG) = \ViG)\. 

Remark 4 Some sufficient conditions for existence of an interval coloring of a (3,4)- 
biregular bipartite graph were obtained in /[I, \^ \2U^ . 
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Theorem 7 [ i?/ Let G be a bipartite {k — 1, k)-biregular graph, where k > 3. Then 

vAG)>^j^-\V{G)\. 

Proof. Suppose that {X,Y) is a bipartition of G. Clearly, x'(G) = A(G') = k. Suppose 
that P G a{G, k). 

For any j G [1, A;], define: 

For arbitrary integers where 1 < j' < j" < k, we have 

and 

k 

U = X. 

Hence, there exists jo ^ [1) ^] foi' which 



Set Ro = YVJ VG,p,j,. 

It is not difficult to verify that 

Case 13 1 jo = k. 

Clearly, /3 is persistent-interval on Rq. 

Case 14 2 jo G [1, A; - 1]. 
Define a function (p : E{G) — )■ [1, A;]. For any e G E{G), set: 

/3(e), tfm^ijo.k} 
<^(e) = { jo, «//3(e) = A; 

A;, if Pie) = jo- 

It is not difficult to see that ip G a{G, k) and ip is persistent-interval on Rq. 



Corollary 8 /i_7' G be a bipartite {3,4:)-biregular graph. Then there exists a coloring 
from 4) which is persistent-interval for at least j\V{G)\ vertices of G. 
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